We present a new splitting method for time-dependent convection-dominated diffusion problems. The original convection diffusion system is split into two sub-systems: a pure convection system and a diffusion system. At each time step, a convection problem and a diffusion problem are solved successively. The scheme has the following nice features: the convection subproblem is solved explicitly and a multistep technique is introduced to essentially enlarge the stability region so that the resulting scheme behaves like an unconditionally stable scheme; the diffusion subproblem is always self-adjoint and coercive so that it can be solved efficiently using many existing optimal preconditioned iterative solvers. The scheme is then extended for Navier-Stokes equations, where the nonlinear convection is resolved by a linear explicit multistep scheme at the convection step, and only a generalized Stokes problem is needed to solve at the diffusion step with the resulting stiffness matrix being invariant in the time marching process. The new schemes are all free from tuning some stabilization parameters for the convection-dominated diffusion problems. Numerical simulations are presented to demonstrate the stability, convergence and performance of the single-step and multistep variants of the new scheme.
Introduction
In this work we shall propose a new fully discrete splitting scheme for solving the convectiondominated diffusion problems of the following general form
with the boundary and initial conditions u = u b on ∂Ω × (0, T ) ; u(0, x) = u 0 (x) in Ω (2) where Ω is an open bounded polyhedral domain in R d (d = 1, 2, 3) with boundary Γ = ∂Ω, and T is the terminal time. Functions b, ε and c in (1) are the convective field, diffusion and reactive coefficients respectively, while F , u b and u 0 are the source term, the boundary and initial data respectively. As we are mainly interested in the construction of numerical schemes, we will not specify detailed regularity conditions on all these coefficients to ensure the well-posedness of the initial-boundary value problem (1)- (2) . The new fully discrete splitting scheme is then extended for Navier-Stokes equations
with the boundary and initial conditions
where u, p, F and Re are respectively the velocity, pressure, body force and Reynolds number, while u b and u 0 are the given boundary and initial data. The numerical solution of a time-dependent problem requires a discretization in both time and space, and some linearization if the concerned problem is nonlinear. A great variety of time marching schemes are available in the literature, such as the classical methods like the forward and backward Euler schemes, the Crank-Nicolson scheme, the Adams-Bashforth method etc. Operator splitting is also a popular technique for time discretization, such as the Yanenko method, the Peaceman-Rachford method, the Douglas-Rachford method and the θ scheme; see [1, 2, 3] and references therein.
In solving the convection-dominated diffusion equations and the Navier-Stokes equations with large Reynolds numbers, it is known that standard finite element methods perform poorly and may exhibit nonphysical oscillations. Many spatial stabilization techniques have been proposed and studied. The streamline-upwind Petrov-Galerkin method was developed for convective transport problems [4, 5] , and its basic idea is to modify the standard Petrov-Galerkin formulation by adding a streamline upwind perturbation, which acts only in the flow direction and is solely defined in the interiors of elements. The Galerkin least-squares method [6] is a conceptual simplification of the streamline-upwind Petrov-Galerkin method, and adds a stabilization that involves an element-by-element weighted least-squares of the residual to the original differential equation. The efficiency of these two stabilization techniques may be affected by the choices of the stabilization parameters involved. There are still no precise general formulae to help select optimal parameters in numerical simulations; see, e.g., [7, Remark 10.4] . These stabilization parameters may depend possibly also on time steps for time-dependent problems, so their choices become more tricky in practice as we have to balance between temporal and spatial errors [8] .
By changing the sign of the convective term in the weighted least-squares formulation, the unusual stabilized finite element method (USFEM) can achieve the absolute stability for any positive stabilization parameter involved in the scheme, but it is still a tricky and inconclusive technical issue of how to choose this parameter in order to obtain good accuracy [9, 10, 11, 12] . The variational multiscale method was developed based on the inherent multiscale structure of solutions [13, 14, 15, 16] . This method defines the large scales by a projection into an appropriate subspace, but may also involve the technical issue of how to select a stabilization parameter to balance the stability and accuracy.
As it is known [5] , explicit Galerkin solutions for flow problems could be quite under-diffusive, effectively increasing the Peclet or Reynolds number. Furthermore, explicit methods are generally conditionally stable. But explicit schemes have the advantages that they may not need to solve systems of algebraic equations [17] or the resulting stiffness matrices stay the same in the time marching process.
The characteristic-based-split (CBS) method has been widely studied for fluid and solid dynamic problems [18, 19, 20, 21] , and we refer to the monograph [22] and the references therein for its detailed introduction and various applications. This method is based on the splitting of the convection and diffusion parts. The convection part is formally handled by the standard characteristics method, where the numerical solutions at the current time are updated by the approximations at the previous time. But the schemes need to locate some spatial points based on the characteristics, and the spatial points are likely no longer grid points of the spatial discretization. One way to avoid this is to adjust the meshes, while another way is to apply the standard interpolation to evaluate the values of the solutions at these spatial points using the values of the solutions and other quantities at grid points. An alternative technique, used in the CBS method, is to approximate numerical solutions at computed spatial points by the solutions and other quantities at grid points by Taylor expansion. In addition, the CBS method needs to approximate the average convective field, for which different treatments may lead to different schemes, such as fully explicit, semi-implicit or implicit ones, and also different stabilization effects [21, 22] .
In the derivation of the new scheme, we shall use the same operator splitting as the CBS method did, to split the convection diffusion system into a purely convective part and a diffusive part. The diffusion part is discretized by the standard backward scheme. But the central difference from the CBS method lies in our new treatment of the convection part, which is completely independent of the characteristic curves and any spatial grid points used, unlike the CBS method.
Another novel idea of the new method is the flexibility in its special explicit treatment of the convection part: we can recursively execute the explicit convection step up to a finite number of times with smaller local time steps during one diffusion correction. This can essentially improve the stability of the resulting scheme so it may behave like an unconditionally stable scheme.
The rest of the paper is arranged as follows. The single-step scheme is first derived for the convection diffusion equation in Section 2.1, and its multistep variant in Section 2.2. The new scheme is then extended in Section 3 for the Navier-Stokes equations. Numerical experiments are carried out in Section 4 to check the accuracy, stability and performance of the new schemes, as well as to investigate how the stability condition can be improved by the multistep scheme compared with the single-step one. At the end of this numerical section, the driven cavity flow problem is tested with the new scheme and compared with the benchmark results to demonstrate the validity of the new method. Some concluding remarks are given in Section 5.
Derivation of algorithms
In this section we derive a new method for solving the convection-dominated diffusion equation (1) . For the purpose we introduce some notations. We first partition the time interval [0, T ]: 0 = t 0 < t 1 < · · · < t N = T , with t n = n∆t and ∆t = T /N . We will use u n and u n+ 1 2 respectively for the approximate values of u(·, t) at t = t n and t n + ∆t/2. But when u(·, t) is a known function, u n and u n+ 1 2 will stand for its exact values at t = t n and t n + ∆t/2, e.g., f n = f (·, t n ), and b n = b(·, t n ).
Single-step scheme for the convection diffusion equation
We first adopt the standard operator splitting technique [3] and split the convection diffusion equation (1) into a pure convection equation and a diffusion equation. Then we approximate two equations in time by the central difference and backward Euler schemes respectively to obtain
where f and g can be any functions such that F = f + g. However in order to have a unified principle for the selection of the components f and g for both the convection diffusion equation and Navier-Stokes equations, we will suggest some special choice of f and g later on; see Remark 3.1. We shall use finite element methods to solve (5) and (6) respectively for the solutions u n+1 * and u n+1 . To do so, we need the variational formulations of these two equations. For equation (6) , it is straightforward to derive its variational form:
on Γ and solves
On the other hand, the solution of the convection step (5) is more tricky. Clearly the scheme is implicit and involves the solution of a linear convection equation. The main idea of this work is to propose an explicit scheme to solve this linear convection equation. For this aim, we apply the Taylor's expansion to compute u n+ 1 2 by the values at previous times, and can write
then using the convection equation
we deduce u
Using this relation, we can rewrite (5) as
Noting that (8) is a pure convective equation, only partial boundary condition on the inflow boundary should be imposed, namely
where n(x) is the outward normal to the boundary of Ω at x. Accordingly we should set a similar condition on the inflow boundary associated with the scheme (10) . So for any positive integer n, we define Γ
As the exact solution is specified on the entire boundary (cf. (1)), it is natural for us to assume the values for the solution u n+1 * to (10) on the inflow boundary Γ − n+1 :
This induces the following test space for the scheme (10):
(Ω) on both sides of (10), and integrating over Ω and using the integration by parts we obtain
It remains to introduce the spatial discretizations for both equations (7) and (14), which we will do by finite element methods. Assume that V h is a finite element space approximating the Sobolev space H 1 (Ω), and I h is the interpolation operator of H 1 (Ω) into V h . Then based on the variational formulations (14) and (7), we propose the following single-step scheme for solving the convection-dominated diffusion problem (1).
Algorithm 1 (Single-step scheme).
Step 0. Compute the initial value u 0 h = I h u 0 . For each n = 0, 1, · · · , N − 1, do the following.
Step
(Ω) .
Step 2. Find u
Remark 2.1. One may compute the term (u n+1 h, * , v h ) in Step 1 by the standard mass-lumping technique [17] , then u n+1 h, * can be computed explicitly without solving a linear system.
Multistep scheme for the convection diffusion equation
The focus of this work is mainly on the case when the convection diffusion system (1) is convection-dominated. For this case the stability of the explicit single-step scheme (Algorithm 1) may pose severe restrictions on time steps, leading to sufficiently small time steps and great computational efforts for the entire numerical resolution process.
To improve the stability, we may execute the convection step (Step 1) a few times for each diffusion correction ( Step 2) so that we can use much smaller time steps for the convection part and much larger time steps for the diffusion step. To do so, we write the result u n+1 h, * of Step 1 formally as
Then the multistep scheme is to run this convection step m times with smaller time step size ∆t/m for u n+1 h, * , namely we compute
recursively for i = 1, 2, · · · , m, with u n h, * = u n h . We shall call δt = ∆t/m and ∆t as the local time step size and the global time step size respectively. Replacing Step 1 by the multistep iteration (16), we propose the following multistep scheme for the convection diffusion equation (1).
Algorithm 2 (Multistep scheme with index m).
Step 2. Compute u
3 Single-step and multistep schemes for Navier-Stokes equations
We are now going to extend the new schemes proposed in Sections 2.1-2.2 for the convectiondominated diffusion equation to the Navier-Stokes equations (3) . For the purpose, we split the system (3) into a pure convection system and a diffusion system (the generalized Stokes problem) as follows:
It is straightforward to derive the variational form of the generalized Stokes system (18)- (19):
on Γ and it solves
for any v ∈ H 1 0 (Ω) and q ∈ L 2 0 (Ω). Next we will do the same as we did in Section 2.1 to propose an explicit scheme for solving the convection system (17) . To do so, we first handle the nonlinear convection term involving u n+ 1 2 . In fact, combining the Taylor's expansion
and the pure convection equation
we can obtain a similar approximation to (9) but in a vector-valued form:
Again, we introduce the inflow boundary
Then we can write by using integration by parts for any v ∈ H 1 (Ω) with v|
using this relation and plugging (23) in (17) we derive the variational form of (17):
Remark 3.1. We observe from the formulation (25) that ∇ · f n is needed in the term ∇ · η n , hence it adds some extra regularity on the source component f . This suggests us to better choose f ≡ 0 in the decomposition F = f + g for the Navier-Stokes equations so that the new scheme does not need the evaluation of ∇·f n , unlike in the CBS methods [20, 21, 22] . For the unification of the numerical schemes for both the convection diffusion equation and Navier-Stokes equations, we shall always select f ≡ 0 in Algorithms 1 and 2 from now on for the convection diffusion equation.
Let V h and M h be two finite element spaces approximating the Sobolev space H 1 (Ω) and L 2 0 (Ω), and I h be a interpolation operator of H 1 (Ω) into V h . By virtue of the variational formulations (25) and (20), we propose a single-step scheme for solving the Navier-Stokes equations (3).
Algorithm 3 (Single-step scheme).
For simplicity we have used in Algorithm 3 the notation η n h , which is defined as η n in (23) but with u n replaced by u n h . Similarly we shall use the following notation in Algorithm 4:
We observe from Algorithm 3 that the nonlinear convection term (u · ∇)u in Navier-Stokes equations has been treated explicitly in the time marching process, which may severely restrict the time step size in order to ensure the stability of the scheme when the convection is dominated in comparison with the diffusion of the flow system. To improve the stability, we may apply
Step 1 several times with a smaller time step size during one diffusion correction (Step 2). For this purpose we write the result of Step 1 formally as
Then a multistep variant of this scheme is to execute this step m times with a smaller time step size ∆t/m to derive u 
for i = 1, 2, · · · , m, with u n h, * = u n h . This leads to the following multistep scheme for the Navier-Stokes equations.
Algorithm 4 (Multistep scheme with index m).
Step , (η
Step 2.
Remark 3.2. The second steps in Algorithms 3 and 4 can be replaced by the projection-type methods so that the pair of finite element spaces for approximating the velocity and pressure does not need to meet the LBB condition and only Poisson problems are needed to solve for updating both the velocity and pressure. For the projection method, we refer to the pioneering work by Chorin [23] and Temam [24] .
Numerical experiments
In this section we shall carry out two sets of numerical tests to check the actual convergence orders of the single-step and multistep schemes proposed in the previous two sections and how the multistep scheme improves the stability of the single-step scheme. Let T h be a regular triangulation of Ω, with h K = diam(K) for K ∈ T h , and h = max K∈T h h K . We shall use the following linear finite element space V h ⊂ H 1 (Ω):
for the solution of the convection diffusion equation (1), and the following Taylor-Hood finite element spaces [25] 
for the solution of the Navier-Stokes Equations (3). We recall that we have used the central finite difference scheme for the convection diffusion equation and the backward Euler scheme for the diffusion equation in time discretization.
Therefore it is natural for us to expect the following numerical convergence orders when the finite element spaces in (28) and (30) are used:
for the convection diffusion equation (1), and
respectively for the velocity and pressure of the Navier-Stokes equations (3). Naturally we may think that the convergence of the scheme can be improved by using a second-order scheme for the diffusion equation in time discretization, but our numerical experiments have firmly disapproved this conjecture. We are currently investigating the possible treatments to help construct the schemes which have second order temporal accuracy. We remark that all the errors shown in this section are the L 2 -norm errors at the terminal time t = T unless specified otherwise.
Tests for the convection diffusion equation
We first apply the new single-step and multistep schemes to the following two examples which are taken from references [8] and [16] . Example 1. The coefficients and domain in equation (1) are taken to be the following:
with the exact solution given by u(x, y, t) = e 2πt sin(2πx) sin(2πy).
This example is a slight modification of the one in [8] , where e sin(2πt) is used. Instead we use e 2πt , which makes the solution vary in a much larger range, namely in the interval [−e 2π , e 2π ], and has a much larger norm, u(·, 1) = 1 2 e 2π ≈ 267.7458.
Example 2. The coefficients and domain in equation (1) are taken to be the following:
with the exact solution given by u(x, y, t) = t 2 cos(xy 2 ) .
To compute the actual convergence orders of the numerical schemes, we shall use the uniform triangulations of domain Ω with triangular elements in all our numerical simulations.
Convergence Tests for the single-step scheme
In order to find the actual convergence order of the single-step scheme (Algorithm 1) in time, we choose a very small mesh size and then observe the changes of the errors when the time step size is halved. Similarly we will do the other way around when we try to find the actual convergence order of the single-step scheme (Algorithm 1) in space. Tables 1 and 2 show the L 2 -norm errors with different mesh sizes when the time step size is fixed for Examples 1 and 2 respectively. Clearly we see the second order spatial convergence of the single-step scheme (Algorithm 1). Now we fix the uniform mesh size at h = 1/128, and run the single-step scheme (Algorithm 1) for Examples 1 and 2 with the following sequence of time step sizes
to find out the stability region of the numerical scheme. The numerical results are listed in Tables  3 and 4 , from which we observe that Algorithm 1 does not converge till k = 6 and 7 respectively for Examples 1 and 2, corresponding to two rather small time step sizes of ∆t = 1/640 and 1/1280. Such restrictions on time step sizes are natural, required by the stability condition for the explicit time marching scheme we have used for the convection step in Algorithm 1. As we shall see in the next subsection, the new multistep scheme can essentially improve the stability condition. 1.71484(-4) -
Stability improvement by the multistep scheme
We can observe from the previous subsection that the single-step scheme (Algorithm 1) may provide the expected convergence and preserve the accurate convergence orders when it converges. However, this scheme requires sufficiently small time step size as shown in Tables 3 and 4 , hence may restrict its applications in practice. The multistep scheme (Algorithm 2) is proposed to improve the stability of the single-step scheme. This section is to test how the multistep scheme can improve the stability region. We note that ∆t is the global time step size, which is used for the diffusion correction. As we are interested mainly in the convection-dominated diffusion problems, the time step size required for the convection is usually much smaller than the one for the diffusion.
In our numerical tests, for each fixed global time step ∆t = 0.1/2 k (k = −1, 0, 1, 2, · · · ), we run the multistep scheme with index m = 1, 2 1 , 2 2 , · · · until we observe the convergence of the scheme, and then record the corresponding index m; see Tables 5 and 6 for the recorded index m corresponding to each fixed ∆t and the resulting relative L 2 -norm error of the approximate solution.
As we see from Table 5 , when we take ∆t = 0.1, which is too large for the stability of the explicit scheme involved in the convection step, but we can still achieve the convergence of the multistep scheme with index m ≥ 64. Tables 5 and 6 have demonstrated that though the single-step scheme does not converge for a fixed global time step ∆t, the multistep scheme always converges when the index m is appropriately large. So we can conclude that if we take an appropriately large index m, say m = 30, the multistep scheme can be viewed as an unconditionally stable scheme.
Furthermore, we have also computed the convergence orders of the multistep scheme in terms of the global time step size for Examples 1 and 2 with a fixed index m and mesh size h. The results are shown in Tables 7 and 8 . Combining these results with the ones for the single-step scheme (cf. Table 3 ), we can clearly observe the first order temporal convergence for both examples.
Next, we carry out some numerical tests to check how the multistep scheme can improve the stability region quantitatively. For each fixed mesh size h, we increase the index m gradually and record the largest global time step size ∆t that can ensure the convergence of the entire algorithm. And the largest time step size will be written as the critical time step size ∆t crit for the stability of the algorithm. The results are shown in Tables 9 and 10 , from which we can see that the stability region is nearly doubled when the index m of the multistep scheme is doubled. So the multistep scheme can indeed clearly and essentially enlarge the stability of the entire algorithm.
We remark that we have done many more numerical experiments for Examples 1 and 2, but with the diffusion coefficients ε varying in a wider range, from 10 −3 to 10 −15 , and many 
Tests for the Navier-Stokes Equations
Now we will apply our new single-step and multistep schemes (Algorithms 3 and 4) to two examples of Navier-Stokes equations with analytical solutions to check the actual convergence orders of the schemes and how the multistep scheme improves the stability of the single-step scheme. Then we will apply these schemes to the benchmark problem of the lid-driven cavity flow to verify their validity. with the exact solution (u, p) = (u 1 , u 2 , p) given by p = (x 2 − y 2 ) cos(t) and
Example 4. Consider the Navier-Stokes equations (3) with the same parameters as in Example 3, but the exact solution (u, p) = (u 1 , u 2 , p) given by
This is an example where only a discretization error in time occurs [26] .
Convergence Tests for the single-step scheme
We first verify the convergence orders of the single-step scheme (Algorithm 3) in both space and time for Example 3. Tables 11-12 present the convergence results in time for the Reynolds numbers Re = 5000 and 10000 respectively, with a fixed uniform mesh of size h = 1/128, and Tables 13-14 give the convergence results in space for the Reynolds numbers Re = 5000 and 10000 respectively, with a fixed ∆t = 10 −6 . From these tables we can clearly see the optimal first order convergence of the single-step scheme in time and the optimal third and second order convergence in space respectively for the velocity and pressure. For Example 4, we have tested the single-step scheme (Algorithm 3) with the Reynolds numbers Re = 5000 and 10000, and the uniform mesh of size h = 1/48 and 1/64, and the sequence of time step sizes as listed in (31). The results have shown that the scheme converges only when the time step size ∆t = 0.1/2 k is sufficiently small, namely when k takes at least 4 (∆t = 1/160) and 5 (∆t = 1/320) respectively for h = 1/48 and 1/64. This test indicates that the single-step scheme may require sufficiently small time step size to ensure its convergence, as one can expect for this strongly convection-dominated example. In the next Section 4.2.2 we will show the multistep scheme (Algorithm 4) can essentially improve the stability of the single-step scheme.
Stability improvement by the multistep scheme
As shown in the previous subsection, the convergence of the single-step scheme (Algorithm 3) for Example 4 requires a sufficiently small global time step size for a fixed mesh size h. In order to improve this severe restriction on time step size by the single-step scheme, we now show how we can achieve the convergence for large global time step size by the multistep scheme. For each fixed ∆t = 0.1/2 k (k = −1, 0, 1, 2, · · · ), we run the multistep scheme with index m = 1, 2 1 , 2 2 , · · · until we observe the convergence of the scheme, and then record the corresponding index m; see Tables 15 and 16 for the recorded index m corresponding to each fixed ∆t and the resulting relative L 2 -norm errors of the approximate solutions for the velocity and pressure.
As we see from Table 15 , when we take the global time step ∆t = 0.1, which is too large for the stability of the explicit scheme involved in the convection step, but we can still achieve the convergence of the multistep scheme with index m ≥ 32. Tables 15 and 16 have demonstrated that though the single-step scheme does not converge for a fixed ∆t, the multistep scheme always converges when the index m is appropriately large. So we can conclude that if we take an appropriately large index m, say m = 30, the multistep scheme can be viewed as an unconditionally stable scheme.
Next we have tested the actual convergence orders of the multistep scheme when the index m is fixed at m = 64. Tables 17-18 have showed the computational results for Re = 5000 and 10000 with fixed h = 1/48 and 1/64 respectively. We can observe clearly the optimal first order convergence for both velocity and pressure in terms of the global time step size.
The last test we have carried out is to check how the multistep scheme can improve the stability region quantitatively. For each fixed mesh size h, we increase the index m gradually and record the largest global time step size ∆t (the critical time step size ∆t crit as we called earlier) that can ensure the convergence of the entire algorithm. The results are shown in Table  19 , from which we can see that the stability region is nearly doubled when the index m of the multistep scheme is doubled. So the multistep scheme can indeed clearly and essentially enlarge the stability of the entire algorithm.
We end this subsection with some concluding remarks on convergence and stability behaviors of the single-step and multistep schemes, based on our observations from the numerical tests in this and previous subsections.
• The single-step scheme (Algorithm 3) is generally conditionally stable, and requires sufficiently small time step size to ensure its convergence with a fixed mesh and larger Reynolds number.
• The multistep scheme (Algorithm 4) can essentially relax the restriction of the time step size (see Tables 15, 16 and 19) , and behaves like a nearly unconditionally stable scheme.
• Comparing the results in Tables 15-16 with the ones in Tables 17-18 , we can clearly see the stability and robustness of the multistep scheme (Algorithm 4). For example, for the global time step size ∆t = 0.1/2 4 , the multistep scheme with a small index like m = 2 and a large index like m = 64 provides about the same accuracies; see Tables 16 and 18 .
The lid-driven cavity flow
As our final numerical example we test a popular benchmark problem, i.e., the lid-driven cavity flow problem, where the fluid is enclosed in a unit square box, with an imposed velocity of unity in the horizontal direction on the top boundary, and a no-slip condition on the remaining walls. We shall compare our results with three benchmark results: Ghia et al. [27] with h = 1/128 for Reynolds numbers Re = 100, 400, 1000 and 3200; Erturk et al. [28] with h = 1/128 for Reynolds number Re = 1000; Botella et al. [29] for the Reynolds number Re = 1000. In all our computations for this example, we use the uniform mesh of size h = 1/128 and the Taylor-Hood elements (30), and have tested the cases with Reynolds numbers Re = 100, 400, 1000 and 3200, and the global time step size ∆t = 0.004. The stoping condition for time advancing, which is considered as the criterion of capturing the steady state solution, is chosen as
where u n h is the finite element solution at time t = t n . We have observed from our numerical results that the single-step scheme (Algorithm 3) works when the Reynolds number is relatively small, e.g., Re = 100, 400 and 1000, but it is unstable when Re is large, e.g., Re = 3200. But the multistep scheme may still work for larger Reynolds number, e.g., Re ≥ 3200.
Tables 20-21 present the streamfunction values and the locations of the primary and secondary vortices for various Reynolds numbers. Figures 1, 2 and 3 show the computed velocity components and vorticity profiles along the horizonal and vertical lines compared with the results of Ghia et al. [27] and Botella et al. [29] . As one can see that the results by the new schemes confirm very well with the ones by the benchmark schemes.
Concluding remarks
We have proposed a new splitting method for solving time-dependent convection-dominated diffusion problems. A pure convection problem and a pure diffusion problem are solved successively at each iteration of the method. Explicit schemes are proposed for the time discretization of the convective problem. The explicitness of the scheme may cause a severe restriction on the [27] time step size, which can be essentially improved by an explicit multistep scheme with smaller time step sizes so that the resulting method behaves like an unconditionally stable method. The diffusion problem involved at each iteration is always self-adjoint and coercive so that it can be solved efficiently using many existing optimal preconditioned iterative solvers. The optimal convergence orders have been confirmed by several numerical examples with smooth solutions. The schemes are then extended for the Navier-Stokes equations, where the nonlinearity is resolved by a linear explicit multistep scheme at the convection step, while only a generalized Stokes problem is needed to solve at the diffusion step and the major stiffness matrix stays invariant in the time marching process. Numerical simulations are presented to demonstrate the stability, convergence and performance of the single-step and multistep variants of the new schemes. The effectiveness and robustness of the new schemes are finally well demonstrated by the benchmark lid-driven cavity flow problem. The newly proposed schemes are all free from tuning some stabilization parameters as the most existing schemes require for the convectiondominated diffusion problems. Finally we note that the proposed fully discrete schemes are only first order in time, and we are currently investigating the potential schemes which have second [29] order temporal accuracy.
